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We compare an approximation of the singularity-free Wahlquist exact solution with a stationary
and axisymmetric metric for a rigidly rotating perfect fluid with the equation of state µ+3p = µ0, a
sub-case of a global approximate metric obtained recently by some of us. We see that to have a fluid
with vanishing twist vector everywhere in Wahlquist’s metric the only option is to let its parameter
r0 → 0 and using this in the comparison allows us in particular to determine the approximate
relation between the angular velocity of the fluid in a set of harmonic coordinates and r0. Through
some coordinate changes we manage to make every component of both approximate metrics equal.
In this situation, the free constants of our metric take values that happen to be those needed for it
to be of Petrov type D, the last condition that this fluid must verify to give rise to the Wahlquist
solution.
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1. Introduction
There are a few exact solutions of the Einstein equations describing the gravitational
field inside a stationary and axisymmetric rotating perfect fluid, the basic candidates to
form a stellar model in General Relativity [1, 2]. Among them, only one is known to admit
a spheroidal closed surface of zero pressure, the key component to build a stellar model
matching the interior (source) spacetime with a suitable asymptotically flat exterior. It is the
Wahlquist metric, that describes a rigidly rotating perfect fluid, possesses the energy density-
pressure equation of state (EOS) µ + 3p = µ0 and has Petrov type D [3]. Nevertheless, it
has been shown in several different ways that it can not correspond to an isolated object
nor be matched with an asymptotically flat exterior [3–5]. Accordingly, General Relativity
still lacks any exact solution that can describe the interior of such stellar model.
To find these global models, numerical methods and analytic approximations are therefore
the pragmatical way to go. A very influential work for both paths is due to Hartle and
Thorne [6, 7]. They show how to build and match an asymptotically flat vacuum exterior
to an interior corresponding to a barotropic and uniformly rotating perfect fluid in slow
rotation. The scheme perturbs analytically the non-rotating initial configuration obtaining
results up to second order in the slow-rotation parameter. Nevertheless, it usually relies in
numerical integration to get them and the matching is not as general as it could. Numerical
approximations have been very successful in this field, although some of its most modern and
precise codes —RNS [8], rotstar [9, 10], AKM [11, 12], rotstar-dirac [13]— are inspired by
∗ J. E. Cuch´ı: jecuchi@usal.es E. Ruiz: eruiz@usal.es
J. Mart´ın: chmm@usal.es
† A. Molina: alfred.molina@ub.edu
Typeset by REVTEX
ar
X
iv
:1
30
1.
49
62
v2
  [
gr
-q
c] 
 10
 M
ay
 20
13
2the work of Ostriker and Mark [14]. Fully analytic stellar models on the contrary are quite
hard to find; this led some of us to introduce a new approximation scheme in [15, 16] focused
in this kind of problem. It is a double approximation. The first one is post-Minkowskian with
associated parameter λ, which is related with the strength of the gravitational field and the
second one is a slow rotation approximation with parameter Ω, measuring the deformation
of the matching surface due to the rotation of the fluid. We have applied this scheme to
find an approximate global solution for a fluid with simple barotropic EOS up to order λ5/2
and Ω3 in the following cases. We have found solutions for constant density [16] and for a
polytropic fluid [17] with Lichnerowicz matching conditions [18] and more recently, also for
the linear equation of state
µ+ (1− n)p = µ0 (1)
with both Darmois-Israel [19, 20] and Lichnerowicz matching conditions [21] (hereinafter
CGMR)1. In particular —and contrarily to what happens for anisotropic fluids [25]— the
exact perfect fluid solution in closed form for this EOS is unknown even in the non-rotating
case. When n = −2, this EOS becomes the one of the Wahlquist solution.
It is worth noting that despite the inherent interest of Wahlquist’s metric as an exact
solution, our metric is in some sense more general even after fixing n = −2. This comes
from the fact that although Wahlquist’s is the most general Petrov type D solution for
this EOS, symmetries and motion of the fluid [26], our metric can also be of type I. More
interestingly, for special values of its constants, our approximate solution, unlike Wahlquist’s,
can be matched to an asymptotically flat exterior and thus can describe a compact isolated
object.
Another problem of Wahlquist’s solution is its rotation parameter. It is written in co-
rotating coordinates and lacks of any parameter that can be directly related with the angular
velocity of the fluid. All that is known is that letting the Wahlquist’s r0 parameter go to zero
in a limiting procedure (that involves a coordinate change that is singular when r0 → 0) we
get the static spherically symmetric Whittaker solution [2, 3]. Despite the singular character
of this limit, the relation it shows between the Whittaker and Wahlquist metrics seems to be
a sound one since in the slow rotation formalism of [27], which is first order in the rotational
parameter, the Whittaker-like and Wahlquist-like slowly rotating metrics coincide [28, 29].
The question we try to answer in this paper is whether or not we can include an appropriate
approximation of the Wahlquist solution in our family of approximate solutions. There are
two ways to answer. One of them is asking our n = −2 solution to be of Petrov type D,
since a metric with its characteristics and this Petrov type must belong to the Wahlquist
family [26]. The other way is finding a coordinate change to make them to coincide.
Regarding the first one, we have already verified that our solution can take Petrov type
D in [21]. Some of its free constants are then fixed and we have found their values do not
coincide with the ones they are forced to take when we matched our interior solution with
an asymptotically flat exterior solution, as one expects.
The coordinate change way involves writing our solution in a co-rotating frame, and then
making a series expansion of Wahlquist’s solution with µ0 as post-Minkowskian parameter.
When the parameter µ0 tends to zero the Wahlquist solution becomes Minkowski’s metric,
1 We had already published some partial previous results in [22–24]
3what shows that µ0 plays an equivalent role to the one of the parameter λ in our scheme. This
way is more meaningful since, in spite of any result we can get from our approximate metric
alone, there is always the question of whether our solution really corresponds to a parametric
expansion of an exact metric. Working this way we verify explicitly this correspondence.
In Section 2 we give some notation and definitions used along the paper and we write
the CGMR interior metric for n = −2 and perform the rotation to write our metric in
a co-rotating coordinate system. In Section 3 we give the Wahlquist metric, write it in
spheroidal-like coordinates and then write the approximate post-Minkowskian Wahlquist
metric. Finally, in Section 4 we compare both solutions and determine the value of our
constants and the relation between r0 and the rotation parameter.
2. The approximate interior metric
We work within the analytical approximation scheme developed in [15, 16] and [21]. It
allows to build an approximate stationary and axisymmetric solution of the Einstein’s equa-
tions for a source spacetime and an asymptotically flat vacuum region around it, although
in this paper we put the focus on the interior, source spacetime. This section is devoted to
a brief review of its main points in the general formulation.
With ξ the time-like Killing vector and ζ the space-like closed-orbits Killing vector asso-
ciated to the stationarity and axisymmetry, let us choose t and ϕ to be coordinates adapted
to ξ and ζ, respectively. Our interior is filled with a perfect fluid without convective motion
so we can write its 4-velocity as
u = ψ(ξ + ωζ). (2)
Here, ψ is a normalization factor and ω the angular velocity of the fluid in this coordinates.
The EOS of the fluid is the n = −2 sub-case of the linear one µ + (1 − n)p = µ0 already
studied in [21], i. e.
µ+ 3p = µ0. (3)
Integrating the Euler equations ∇αTαβ = 0 with this EOS we get the explicit expressions for
the mass density µ and the pressure p in terms of ψ and its value on the p = 0 surface, ψΣ
p =
µ0
2
(
1− ψ
2
Σ
ψ2
)
,
µ =
µ0
2
(
3
ψ2Σ
ψ2
− 1
)
.
(4)
With this kind of interior, we can choose coordinates {r, θ} spanning the 2-surfaces or-
thogonal to the ones containing ξ and ζ [30, 31], then we can write the interior –and exterior–
metric with the structure
g = γtt ω
t⊗ωt + γtϕ(ωt⊗ωϕ + ωϕ⊗ωt) + γϕϕ ωϕ⊗ωϕ
+ γrr ω
r⊗ωr + γrθ(ωr⊗ωθ + ωθ⊗ωr) + γθθ ωθ⊗ωθ (5)
in the associated cobasis ωt = dt, ωr = dr, ωθ = r dθ, ωϕ = r sin θ dϕ. We will require
these coordinates to be spherical-like in the sense that they are associated through the usual
4relations
x = r sin θ cosϕ, y = x = r sin θ sinϕ, z = cos θ (6)
to a set xα = {t, x, y, z} of harmonic coordinates (xα = 0), a particularly relevant gauge
choice [32, 33].
In CGMR we solved the Einstein equations with this coordinate condition using a post-
Minkowskian expansion for the metric so that gαβ = ηαβ + λh
(1)
αβ + λ
2h
(2)
αβ + · · · , with ηαβ
the flat metric and the approximation parameter
λ =
1
6
µ0r
2
s (7)
(note that here we work in units where 8piG = 1 so this definition is different from the
one in CGMR; rs is the coordinate radius of the surface in the static limit), using a tensor
spherical harmonic expansion truncated using a secondary slow rotation approximation with
parameter
Ω = ωrsλ
−1/2 (8)
that gives a measure of the deformation of the source. For n = −2, the CGMR interior
metric is, up to O(λ2, Ω3) 2
γCGMRrr = 1 + λ
[
m0 − r
2
r2s
(
1−m2Ω2P2
)]
+
2λ2
5
r2
r2s
{
m0 − 12S − 4m0m2Ω2P2 − r
2
r2s
[
Ω2
(
5
3
P2 − 8
7
)
+
1
7
]}
+O(λ3, Ω4), (9)
γCGMRrθ = −λ2Ω2
r2
r2s
P 12
[
1
5
m0m2 +
1
63
r2
r2s
(1− 6m2)
]
+O(λ3, Ω4), (10)
γCGMRθθ = 1 + λ
[
m0 − r
2
r2s
(
1−m2Ω2P2
)]
+ λ2
r2
r2s
(
−1
5
[
18S +m0 + 2m0m2Ω
2(2P2 − 1)
]
+
1
7
r2
r2s
{
8
5
− Ω
2
3
[
m2
2
− 134
15
+
(
31
3
+
23m2
2
)
P2
]})
+O(λ3, Ω4), (11)
γCGMRϕϕ = 1 + λ
[
m0 − r
2
r2s
(
1−m2Ω2P2
)]
+ λ2
r2
r2s
(
−1
5
(
18S +m0 + 2m0m2Ω
2
)
+
1
7
r2
r2s
{
8
5
+
Ω2
3
[
m2
2
− 26
15
+
(
1
3
− 25m2
2
)
P2
]})
+O(λ3, Ω4), (12)
γCGMRtϕ = λ
3/2Ω
r
rs
[(
j1 − 6
5
r2
r2s
)
P 11 + j3Ω
2 r
2
r2s
P 13
]
+O(λ5/2, Ω5), (13)
2 We have made the notation change r0 → rs to avoid confusion with the r0 parameter that appears in the
usual expressions of the Wahlquist metric. The original CGMR includes O(λ5/2, Ω3) terms as well, but
we will not work with them here.
5TABLE I. Free constants in the CGMR interior after fixing to zero the pure gauge constants a0, a2,
and b2.
Parameters Harmonic expansion constants Static limit
µ0, n, rs, ω m0, m2, j1, j3 µ0, n, rs, m0
γCGMRtt = −1 + λ
[
m0 − r
2
r2s
(
1−m2Ω2P2
)]− λ2 r4
r4s
[
1
5
(
1 + 2Ω2
)− 4
7
Ω2(1 +m2)P2
]
+O(λ3, Ω4). (14)
where P ln stands for the associated Legendre polynomials P
l
n(cos θ). With the EOS fixed,
the interior in CGMR depends on nine free constants. Two of them, rs and ω, are part of
the approximation parameters λ, Ω. The other seven are (m0, m2, j1, j3, a0, a2, b2). These
arise from the harmonic expansion we use to solve the homogeneous part of the Einstein
equations at each order. Accordingly, they are also series expansions in positive powers of
(λ, Ω). The first four of them are the ones that a Darmois matching fixes and choosing values
for them amounts to choosing a “particular metric” from the CGMR family —although in
a strict sense, such particular metric would still be a family of metrics because of the free
values of (λ, Ω)—. The last three parametrize changes between the harmonic coordinates
used. Here, to simplify we have taken these purely gauge constants a0 = 0, a2 = 0, b2 = 0
without losing generality because they are not needed hereafter. The static limit (Ω = 0) of
CGMR for a certain EOS is characterised with only (rs, m0) (see Table I).
The constant S is defined as
ψΣ =1 + λ
(
−1
2
+
Ω2
3
+
m0
2
)
+O(λ2, Ω4) ≡ 1 + λS +O(λ2, Ω4). (15)
This value ψΣ comes from the value of ψ
ψ = 1 + λ
{
− r
2
2r2s
+
m0
2
+ Ω2
[
r2
3r2s
+
r2
r2s
(
−1
3
+
m2
2
)
P2
]}
+ λ2
(
11r4
40r4s
− 3m0r
2
4r2s
+
3m20
8
+ Ω2
{
− 7r
4
30r4s
+
r2
r2s
(
−2j1
3
+
5m0
6
)
+
[
r4
r4s
(
67
210
− 13m2
28
)
+
r2
r2s
(
2j1
3
− 5m0
6
+
3m0m2
4
)]
P2
})
+O(λ2,Ω2) (16)
on the zero pressure surface
r(p = 0) = rs
(
1 + qΩ2P2
)
(17)
where
q =
(
−1
3
+
m2
2
)
+ λ
[
1
21
(−1 + 14j1 − 7m0) + 3m2
35
]
+O(λ2,Ω2). (18)
We have not replaced S in the expressions for both brevity and to check the behaviour of
ψΣ when we compare with the parameters in the Wahlquist solution. These expressions for
ψ and ψΣ lead to the following one for the pressure
p
µ0
= λ
{
1
2
− r
2
2r2s
+ Ω2
[
−1
3
+
r2
3r2s
+
r2
r2s
(
−1
3
+
m2
2
)
P2
]}
+O(λ2, Ω4) (19)
6from where µ(r, θ) can be directly obtained using the EOS (3). Here we see that, as already
happens with Newtonian results for spherical sources [34], writing µ0 in terms of λ with (7)
their lowest orders go as µ ∼ λ, p ∼ λ2.
The range of applicability of CGMR is given by the set of values (rs, µ0, ω). The parameter
λ will be small whenever rs or µ0 are small enough. For Ω, small values ω are in principle
required, but the greater λ is, the higher ω can be. This comes from the fact that a strongly
gravitationally bounded source deforms much less with rotation than a lightly bounded one.
This solution is apparently less interesting than the Wahlquist exact solution for the same
kind of source because it is an approximation. Nevertheless, it is more general in a sense
because it is a Petrov type I solution unless
m2 =
6
5
+O(λ, Ω2), j3 = 36
175
+O(λ, Ω2), (20)
in which case it becomes a Petrov type D solution. It is worth noticing though that when
finding the Petrov type of a metric, the more special the algebraic type is, the bigger is
the number of conditions to verify. Then, while an approximate metric can satisfy these
constraints up to a certain order, it is possible that its higher orders do not. Accordingly,
the Petrov type of an approximate metric must be regarded generally as an upper bound to
the algebraic speciality of its Weyl tensor (see [21]).
Another feature of the CGMR interior is that imposing Darmois-Israel matching condi-
tions [19, 20] shows that when
m0 = 3 + λ
(
3 + 2Ω2
)
+O(λ2,Ω4), (21)
m2 = −1− 2
5
λ+O(λ2,Ω2), (22)
j1 = 2 +
2Ω2
3
+ λ
(
44
5
+
52
15
Ω2
)
+O(λ2,Ω4), (23)
j3 = −2
7
− 296
245
λ+O(λ2,Ω2) (24)
the interior can be matched with an asymptotically flat vacuum exterior [21]. Additionally,
in our solution the parameter ω = uϕ/ut is the angular velocity of the fluid with respect to
our harmonic coordinate frame and its vanishing leads to a static solution (i. e. γtϕ = 0).
There is no parameter in Wahlquist’s metric with these two features.
If we want to compare this approximate solution with Wahlquist’s metric we have to start
finding their expressions in the same coordinates. The first problem is that the Wahlquist
metric is written in a co-rotating coordinate system and CGMR is not, so first we must
choose between the two kinds of coordinates. Changing the CGMR interior to a co-rotating
system is straightforward doing
ϕ→ ϕ+ λ
1/2Ω
rs
t, t→ t (25)
and then in the co-rotating system the metric components are:
γCGMRtt = −1 + λ
{
m0 +
r2
r2s
[
−1 + 1
3
Ω2
(
2 + (3m2 − 2)P2
)]}
+ λ2
r2
r2s
{
2
3
Ω2(2j1 −m0)(P2 − 1)− 1
5
r2
r2s
[
1− 2
3
Ω2
(
4 +
1
7
(30m2 − 19)P2
)]}
7+O(λ3, Ω4), (26)
γCGMRtϕ = −Ωλ1/2
r
rs
(
P 11 + λ
{[
m0 − j1 + 1
5
r2
r2s
(
1− Ω2m2
)]
P 11
− Ω2 r
2
r2s
(
j3 − m2
5
)
P 13
})
+O(λ5/2, Ω5) (27)
and the other components remain unchanged. Let us remark that the γtϕ component is now
of order λ1/2 instead of the order λ3/2 it was in the original coordinates (see [21] for some
comments).
3. The Wahlquist metric
The next steps in the comparison are, using the singularity free Wahlquist metric, first
expand it in the appropriate approximation parameters and then make coordinate changes
to reduce it to a particular case of the CGMR interior.
The singularity free Wahlquist metric reads [2, 3] 3
ds2 = −f(dt+Adϕ)2+
r20(ξ
2 + η2)
[
c2h1h2
h1 − h2 dϕ
2 +
dξ2
(1− k2ξ2)h1 +
dη2
(1 + k2η2)h2
]
(28)
where
f(ξ, η) =
h1 − h2
ξ2 + η2
, A = c r0
(
ξ2h2 + η
2h1
h1 − h2 − η
2
0
)
(29)
h1(ξ) = 1 + ξ
2 +
ξ
b2
[
ξ − 1
k
(1− k2ξ2)1/2 arcsin(k ξ)
]
(30)
h2(η) = 1− η2 − η
b2
[
η − 1
k
(1 + k2η2)1/2arcsinh(k η)
]
(31)
and
k2 ≡ 1
2
µ0 r
2
0b
2 . (32)
Here µ0, b, r0 are free constants and η0 and c are related with the behaviour of the solution
on the axis. The symmetry axis is located at η = η0 where
h2(η0) = 0 , (33)
and to satisfy the regularity condition of axisymmetry, c must be
1
c
=
1
2
(1 + k2η20)
1/2 dh2
dη
∣∣∣∣
η=η0
. (34)
3 Here ξ is a coordinate not to be mistaken with any quantity related with the stationary Killing vector ξ
of CGMR
8Therefore η0 and c become functions of the constants µ0, r0 and b, which thus characterise
completely the singularity free Wahlquist’s solution. It is generated by a perfect fluid with
4-velocity
u = f−1/2 ∂t (gαβuαuβ = −1) , (35)
and with energy density and pressure are given by
µ =
1
2
µ0(3b
2f − 1) (36)
p =
1
2
µ0(1− b2f) (37)
where we can see now more clearly that the constants b and µ0 are the values of the normal-
ization factor f−1/2 and the energy density on the matching surface of zero pressure (see
also (4)).
Regarding rotation in Wahlquist’s solution, the full expression of the module of its twist
vector $W(η, ξ) can be found in [3] and its value at (η = 0, ξ = 0) is
$W(0, 0) =
1
3
µ0r0. (38)
We can also get a static limit for it —Whittaker’s metric [35]— making the change
{ξ, η} → {R,χ} : {ξ = R
r0
, η = cosχ} (39)
and letting r0 go to zero [3] although it must be noted that this coordinate change is singular
when r0 = 0.
Expression (38) and the limiting procedure suggest a relation between r0 and the rotation
of the fluid. It is actually the case since
lim
r0→0
$W = 0 (40)
everywhere so r0 → 0 implies vanishing rotation and should lead to a static spacetime.
Nevertheless, it must be done through the limiting procedure (39). It is also worth noticing
that the only other parameter choice capable of giving $W = 0 everywhere is µ0 = 0 but it
gives an empty interior.
The parameters {r0, µ0} will be the natural choice for us to make the formal expansions
—they do not need to be small at all— of the Wahlquist metric if we want to compare with
the post-Minkowskian and slow rotation expansions of CGMR, but first we must find the
change to spherical-like coordinates.
3.1. The Wahlquist metric written in spherical–like coordinates
Our approximate metric (9) to (12), (26) and (27) is written in “standard” spherical
coordinates —in the sense that when λ = 0 the metric becomes the Minkowski metric in
standard spherical coordinates— so we need to find a consistent way to write the Wahlquist
metric in a set of coordinates as close to ours as possible to begin with.
9In this regard we note first that if we put µ0 = 0 in the Wahlquist metric (28) we obtain
the Minkowski metric in oblate spheroidal coordinates {ξ, η}, whose coordinate lines are
oblate confocal ellipses and confocal orthogonal hyperbolas. From these coordinates it is
easy to go to Kepler coordinates {R,χ} changing ξ = R/r0, η = cosχ, where R represents
the semi-minor axis of the ellipses, χ the Kepler eccentric polar angle and r0 the focal length.
Finally we get standard spherical coordinates {r, θ} by changing√
R2 + r20 sinχ = r sin θ, R cosχ = r cos θ. (41)
Moreover, the limiting procedure (39) from Wahlquist’s solution to its static limit (the
Whittaker metric) has a similar form, in this case leading to Kepler-like coordinates.
These considerations suggest to look for a change of coordinates in the Wahlquist metric
(prior to any limit) so that the new coordinates “directly represent” spheroidal–like coordi-
nates. We use a heuristic approach here and start plotting the graphs of h1(ξ) and h2(η)
(Fig. 1.) We can see that these curves have the appearance of a hyperbolic cosine and a
squared sine for some values of b and k, respectively. Taking this into account we write as
an educated guess
{ξ, η} → {R, χ} :

h1(ξ) = 1 +
R2
r20
= 1 +
R21
r20
1− h2(η) = cos2 χ = R
2
2
r20
.
(42)
where we introduce R1, R2 just to simplify calculations later. Let us write now the two
dimensional metric spanned by {ξ, η}
dΣ2 = Adξ2 +Bdη2 (43)
in terms of {R1, R2}. Since
dξ =
dh1
dh1/dξ
and dη =
dh2
dh2/dη
, (44)
taking h1, h2 as functions of R1 and R2
dh1 =
2R1
r20
dR1 , −dh2 = 2R2
r20
dR2 , (45)
-0.5 0.5
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0.6
0.8
1.0
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FIG. 1. Behaviour of the h1(ξ) and h2(η) functions for k = 1.2, b = 1 and k = 1.248, b = 1,
respectively
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we get
dΣ2 = m11
(
2R1
r20
dR1
)2
+m22
(
2R2
r20
dR2
)2
, (46)
where
m11 =
A
(dh1/dξ)2
, m22 =
B
(dh2/dη)2
. (47)
Now let us do another coordinate change to a kind of spherical coordinates {r, θ} using
the previous relations Eqs. (41) and (42). Then, R1 and R2 are the following functions of r
and θ
{R1, R2} → {r, θ} :

R1 =
√
1
2
(
r2 − r20 +
√
(r2 − r20)2 + 4r2r20 cos2 θ
)
,
R2 =
√
1
2
(
r20 − r2 +
√
(r2 − r20)2 + 4r2r20 cos2 θ
)
,
(48)
and if we define the function
F = (r2 − r20)2 + 4r2r20 cos2 θ ,
we have that the metric (43) in {r, θ} coordinates
dΣ2 = grrdr
2 + 2grθdrdθ + gθθdθ
2
has the coefficients
grr =
2r2
r40F
[√
F (r2 − r20 + 2r20 cos2 θ)(m11 −m22)
+ (F − 2r40 sin2 θ cos2 θ)(m11 +m22)
]
, (49)
grθ = − sin θ cos θ 2r
3
r20F
[√
F (m11 −m22)
+ (r2 − r20 + 2r20 cos2 θ
)
(m11 +m22)
]
, (50)
gθθ = sin
2 θ cos2 θ
4r4
F
(m11 +m22). (51)
Only the terms m11 + m22 and m11 −m22 depend on both {µ0, r0}; the remaining terms
depend on r0 alone.
Now we are going to write the full metric in terms of {r, θ}; notice that the inversion
can only be approximately done (in a series of µ0). First, we determine η0 up to order µ
2
0 ,
and then c to the same order. This last series depend on b2, so before that must determine
how b depends on µ0. We recall that in the µ0 = 0 limit the Wahlquist metric becomes
Minkowski’s metric written in oblate spheroidal coordinates so
lim
µ0→0
f = 1, (52)
and hence, since b = f−1/2
∣∣
p=0
, its series expansion must begin as b2 = 1 +O(µ0). Besides,
since Eq. (37) takes the form
p =
1
2
µ0
{
1− b2[1 +O(µ0)]
}
, (53)
11
the expansion of b makes the pressure start with p ∼ µ20, behaving like in CGMR. Accord-
ingly, we are going to use
b2 = 1 +
1
3
µ0σ1 + µ
2
0σ2 +O(µ30) (54)
where σ1 and σ2 are two new constants introduced merely for calculation convenience.
Inserting it into Eqs. (32) to (34), we obtain for the constants η0 and c up to O(µ30)
η0 = 1 +
1
12
µ0r
2
0
{
1 +
1
120
µ0r
2
0
[
11 + µ0
(
73
28
r20 − 8σ1
)]}
+O(µ40), (55)
c = −1 + 1
12
r20µ
2
0
[
σ1 − r
2
0
3
+ µ0
(
3σ2 − r
4
0
30
)]
+O(µ40). (56)
Next, we invert the change of coordinates Eq. (42), which gives
ξ2 =
R21
r20
(
1− 1
6
µ0R
2
1
{
1− 1
15
µ0R
2
1
[
2− µ0
(
σ1 +
37
84
R21
)]})
+O(µ40) (57)
η2 =
R22
r20
(
1 +
1
6
µ0R
2
2
{
1 +
1
15
µ0R
2
2
[
2− µ0
(
σ1 − 37
84
R22
)]})
+O(µ40) (58)
And finally, by doing the coordinate change {R1, R2} → {r, θ} we obtain the metric coeffi-
cients up to O(µ30) in the spherical–like coordinates desired
γWrr = 1 +
µ0
6
(r20 − r2) +
µ20
6
[
σ1(r
2 − r20 sin2 θ) + r20
(
4r2
5
− r
2
0
3
)
cos2 θ
+
7
15
(r20 − r2)2
]
+
µ30
90
{
σ1
2
[
r20
(
5r20 − 7r2
)
cos2 θ − 7(r20 − r2)2
]
+ 45σ2(r
2 − r20 sin2 θ) +
r20
21
(r20 − r2)(85r2 − 28r20) cos2 θ
+
149
84
(r20 − r2)3 −
r40
2
r2 cos4 θ
}
(59)
γWθθ = 1 +
µ0
6
(r20 − r2) +
µ20
9
[
r20
(
r2
5
+
r20
2
− 3
2
σ1
)
cos2 θ +
1
5
(r2 − r20)2
]
+
µ30
180
{
σ1
[
r20(3r
2 − 5r20) cos2 θ − 2(r20 − r2)2
]− 90σ2r20 cos2 θ
+
r20
21
(r20 − r2)(37r2 + 56r20) cos2 θ + r40r2 cos4 θ +
37
42
(r20 − r2)3
}
(60)
γWrθ =
µ20r
2
0
18
sin θ cos θ
{
r20 − r2 − 3σ1
− µ0
10
[
5σ1(r
2
0 − r2) + 90σ2 − r20r2 cos θ2 −
8
3
(r20 − r2)2
]}
(61)
γWϕϕ = 1 +
µ0
6
(r20 − r2)−
µ20
6
{
r20
[
σ1 − 1
15
(
7r20 −
13
2
r2
)]
− 3
10
r20r
2 cos2 θ
− 2
15
r4
}
+
µ30
90
{
σ1
[
r20
2
(9r2 − 7r20)− r20r2 cos2 θ − r4
]
− 45r20σ2
12
+
149
84
r60 −
43
14
r40r
2 +
11
7
r20r
4 − 37
84
r6 − 1
84
r20r
2(95r2 − 151r20) cos2 θ
}
(62)
γWtϕ = −
µ0r0
6
r sin θ
{
1 +
µ0
30
(r2 + 3r20) +
µ20
15
[
σ1
(
r2 − 13
4
r20
)
+
r20
84
(97r20 − 41r2) +
4
21
r4 +
3
28
r20r
2 cos2 θ
]}
(63)
γWtt = −1 +
µ0
6
(r20 − r2)−
µ20
180
{
(r20 − r2)2 − 4r2r20 cos2 θ
}
+
µ30
90
{
(r20 − r2) ×
×
[
4
21
(r20 − r2)2 +
3
14
r2r20 cos
2 θ
]
− σ1
[
(r2 − r20)2 + r2r20 cos2 θ
]}
(64)
4. Comparing the approximate Wahlquist solution with the CGMR
solution in co-rotating coordinates
Now we face the problem of identification of the parameters and to perform the final
adjustments of coordinates needed to make every term in Wahlquist’s metric and the CGMR
interior equal.
To get an idea of the problems arising, we analyze first the static limit. Using Eq. (7)
and making r0 = 0 in Eq. (59) we obtain the expression for the γrr coefficient of the static
metric
γWrr (r0 = 0) = 1−
r2λ
rs2
+
2r2λ2
(
7r2 + 15σ1
)
5rs4
+O(λ3) (65)
and upon comparison with the corresponding static limit of CGMR
γCGMRrr (Ω = 0) = 1 +m0λ−
r2λ
rs2
− 2r
4λ2
35rs4
+
2m0r
2λ2
5rs2
− 24r
2Sλ2
5rs2
+O(λ3) (66)
we can see that there are discrepancies among r4 terms in the sense that they can not be
made equal adjusting parameters. To some extent this was to be expected since CGMR
was written in coordinates associated to harmonic ones and no such a condition has been
imposed on the Wahlquist metric. In this particular case, the two metrics can be rendered
exactly equal with a change of radial coordinate in γWαβ(r0 = 0)
r → r′
[
1 +
(
−2r
′4
7r4s
− 9r
′2S
5r2s
)
λ2
]
+O(λ3) (67)
and making m0 = 0, σ1 = r
2
sS.
4.1. Adjusting parameters
We go back now to the non–static case. If we compare the lowest order term in gtϕ and
gtt of both solutions (Eqs. (26), (27), (63) and (64)) we can see that he relation between λ
and µ0 is (7) as expected and the constant Ω of the CGMR solution must be related with
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the r0 constant of the Wahlquist metric as follows
r0 = −κ rsΩ
λ1/2
(68)
with κ a factor to be determined later on. If we perform this identification we get to a new
difficulty because Wahlquist’s solution has λ-free terms with Ω dependence. These terms
appear associated with powers of µ0r
2
0
[
or κ2Ω2 using Eq. (68)
]
. This is not possible in
our self–gravitating solution building scheme. This issue can be solved using the remaining
freedom in time scale and {r, θ} coordinates. The changes we can do are4
t = T
(
1 + µ0F1 + µ
2
0F2 + · · ·
)
(69)
r = R
[
1 + µ0G1(R,Θ) + µ
2
0G2(R,Θ) + · · ·
]
θ = Θ + µ0 sin Θ
[
H1(R,Θ) + µ0H2(R,Θ) + · · ·
]
,
(70)
with Fi constants depending on the parameters and Gi, Hi undetermined functions. Impos-
ing vanishing of these unwanted terms, we get the time scale change
t = T
{
1 +
µ0r
2
0
12
[
1 +
11µ0r
2
0
120
(
1 +
73µ0r
2
0
308
)]}
+O(µ40) (71)
and the {r, θ} changes
r = R
{
1− µ0r
2
0
12
(
1 +
µ0r
2
0
3
[
41
40
− cos2 Θ + µ0r
2
0
60
(
191
56
− cos2 Θ
)])}
+O(µ40), (72)
θ = Θ− µ
2
0r
4
0
36
sin Θ cos Θ
(
1 +
µ0r
2
0
10
)
+O(µ40). (73)
Note that the symmetry axis for the old coordinates is located at θ = 0, pi and due to the
presence of the sin Θ it remains at Θ = 0, pi. We will maintain this condition for all the
coordinate changes of the θ coordinate.
Now, we introduce these changes in our last expression of Wahlquist metric obtaining up
to O(µ30)
γWRR = 1−
µ0
6
R2 + µ20
{
7
90
R4 +
σ1
6
R2 + r20
[
R2
10
(
4
3
cos2 Θ− 1
)
− σ1
6
sin2 Θ
]}
+ µ30r
2
0
[
17
42
R4
(
1
20
− 1
9
cos2 Θ
)
− σ2
2
sin2 Θ +
σ1
45
R2
(
1− 7
4
cos2 Θ
)]
, (74)
γWRΘ = − sin Θ cos Θ
µ20r
2
0
6
[
σ1 +
1
3
R2 + µ0
(
3σ2 − σ1
6
R2 − 4
45
R4
)]
, (75)
γWΘΘ = 1−
µ0
6
R2 +
1
45
µ20
{
R4 + r20
[
R2
(
cos Θ2 +
1
2
)
− 15
2
σ1 cos
2 Θ
]}
+
µ30
2
r20
[
σ1
90
R2
(
4 + 3 cos Θ2
)
+
1
140
R4
(
1− 74
27
cos2 Θ
)
− σ2 cos2 Θ
]
, (76)
4 Here R is a totally new coordinate not to be mistaken with the one used in Eq. (41)
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γWϕϕ = 1−
µ0
6
R2 +
µ20
3
{
1
15
R4 +
1
2
r20
[
R2
10
(3 cos Θ2 − 1)− σ1
]}
+ µ30r
2
0
[
σ1
90
R2
(
9
2
− cos2 Θ
)
+
R4
63
(
2
5
− 19
24
cos2 Θ
)
− σ2
2
]
, (77)
γWtϕ = −
µ0
6
r0R sin Θ
{
1 +
µ0
30
(
R2 +
r20
2
)
+
µ20
20
r20
[
R2
7
(
cos2 Θ− 103
18
)
− 13
3
σ1
]}
, (78)
γWtt = −1−
µ0
6
R2 − µ
2
0
180
[
R4 − 2r20R2
(
1 + 2 cos2 Θ
)]
+ µ30
r20
90
[
σ1R
2(2− cos2 Θ) + R
4
14
(
55
6
− 3 cos2 Θ
)]
. (79)
After dealing with µ0 and r0, we have to find expressions for b and κ. Recalling Eq. (54),
we wrote b2 as a series in µ0 with coefficients σ1, σ2. To help with its determination, we can
give more details about σ1 and σ2. When b
2 is written in terms of λ and Ω, its O(λ0) terms
will in general contain order Ω2 terms. These arise from µ0r
2
0 factors and, using dimensional
arguments, we can redefine
σ1 → σ1r2s + r20ν1 (80)
σ2 → (σ2r2s + r20ν2)r2s (81)
to make this possibility more explicit during calculations.
Now we can write the approximate Wahlquist metric in terms of our parameters λ and Ω
using (68). Comparing the lower terms in λ for gtϕ of the CGMR co-rotating interior solution
and the approximate Wahlquist metric just built, we can determine the proportionality
constant κ to be a series in our rotation parameter Ω
κ = 1− Ω
2
10
+O(Ω3) (82)
4.2. Adjusting terms
Once the relations between the approximation parameters of both metrics are determined
we can obtain the expression of the approximate Wahlquist metric written in the same
parameters we have used for the CGMR co-rotating interior. With the coordinate change
(71) to (73) we eliminated terms that can not be present in CGMR. Now, to make both
solutions coincide we can use changes of coordinates in the Wahlquist metric as long as they
do not reintroduce undesired terms; also, we have freedom to adjust the (m0, m2, j1, j3)
constants of CGMR. Regarding the first, the remaining freedom is a change in the {r, θ}
coordinates of the type displayed in Eq. (70). If we make this change in the Wahlquist
metric
r → r
{
1 + λΩ2
(
3σ1 sin
2 θ − 1
2
r2
r2s
cos2 θ
)
− λ2
[
9
5
r2
r2s
σ1 +
2
7
r4
r4s
− 1
70
Ω2
r4
r4s
(
13
3
+ 33 cos2 θ
)]}
+O(λ3, Ω4), (83)
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θ → θ + λΩ2 sin θ cos θ
(
1
2
r2
r2s
+ 3σ1 − 29
210
λ
r4
r4s
)
+O(λ3, Ω4), (84)
we get that, for the two metrics to be exactly equal up to O(λ2, Ω3) the free constants
(apart from λ and Ω) of the CGMR co-rotating interior must be
m0 = O(λ2, Ω4), m2 = 6
5
(1 + 2λS) +O(λ2, Ω2), (85)
j1 =
9
5
Ω2S +O(λ, Ω4), j3 = 36
175
+O(λ, Ω2) (86)
and the free constants of the approximate Wahlquist metric must be
σ1 = S, σ2 = 0, ν1 =
1
2
, ν2 =
1
18
. (87)
This gives b2 as
b2 = (1 + Ω2)(1 + 2λS) +O(λ2, Ω4), (88)
thus coinciding with the expansion of ψ2Σ from (15) if we take into account that the term
(1 + Ω2) comes from the change of the normalization factor over the transformation of the
temporal coordinate Eq. (71) we have done. This gives a first check of the consistency of
the comparison since b is the Wahlquist counterpart of ψΣ.
The final expressions for the metric components of either Wahlquist’s solution or the
CGMR interior in the orthonormal basis are, up to O(λ2, Ω2) —and O(λ3/2, Ω3) in γtϕ—,
γrr = 1− λr
2
r2s
{
1− 6
5
Ω2P2
}
+
2
5
λ2
{
−12S − 1
7
r2
r2s
+ Ω2
[
8
7
r2
r2s
+
(
6S − 5
3
r2
r2s
)
P2
]}
r2
r2s
, (89)
γrθ =
31
315
λ2Ω2
r4
r4s
P 12 , (90)
γθθ = 1− λr
2
r2s
(
1− 6
5
Ω2P2
)
− 2
21
λ2
r2
r2s
{
189
5
S − 12
5
r2
r2s
+ Ω2
[
−25
6
r2
r2s
+
1
5
(
181
3
r2
r2s
− 126S
)
P2
]}
, (91)
γϕϕ = 1− λr
2
r2s
(
1− 6
5
Ω2P2
)
− 2
105
λ2
r2
r2s
{
189S − 12r
2
r2s
+ Ω2
[
17
6
r2
r2s
+
(
110
3
r2
r2s
− 126S
)
P2
]}
, (92)
γtϕ = −λ1/2Ω r
rs
{
P 11 +
λ
5
[
r2
r2s
P 11 − 3Ω2
((
3S +
2
5
r2
r2s
)
P 11 −
2
35
P 13
)]}
, (93)
γtt = −1− λr
2
r2s
[
1− 2
3
Ω2
(
1 +
4
5
P2
)]
+
λ2
5
r2
r2s
{
−r
2
r2s
+ Ω2
[
8
3
r2
r2s
+
(
12S +
34
21
r2
r2s
)
P2
]}
. (94)
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To give another check of the whole procedure we can compare now with the conditions
necessary for our n = −2 approximate metric to be of type Petrov D [21, 23, 36], i.e.,
Eq. (20). They are compatible with the values of the constants m2 and j3 we have just
found in (85) and (86), as wished. Also, when matched with an asymptotically flat vacuum
exterior, m2, j3 and the rest of the metric free constants can only have the expressions we
found in [21]. Since the n = −2 fluid for a type D interior does not satisfy the matched
expressions, we concluded then that it can not be the source of such exterior in accordance
with previous works [3–5]. Nevertheless, it is worth noting here that CGMR contains a
n = −2 sub-case that lacks this problem and can indeed be matched that way. It has then
all the characteristics of Wahlquist’s fluid but Petrov type I instead of D.
Note, finally, that the Cartesian coordinates associated to the spherical-like coordinates
used above are not harmonic. Nevertheless, since Eqs. (89) to (94) correspond as well to the
co-rotating n = −2 CGMR interior with particular values of the free constants, undoing the
change (25) they become harmonic again.
5. Remarks
In this work we have taken the singularity free Wahlquist metric and managed to transform
it into the form the CGMR interior metric takes when written in a co-rotating coordinate
system. We have started from a formal expansion of Wahlquist’s solution in (µ0, r0) and
found its expression in terms of the parameters of CGMR, so it possesses the range of
applicability already discussed for CGMR.
We have identified Wahlquist’s parameters corresponding to λ and Ω of [15]. Doing
this, we have found an expansion of the parameter r0 of Wahlquist’s metric in terms of
our Ω. Accordingly, now we have an approximate expression of r0 in terms of the better
characterised quantities ω and µ0
r0 = − rs√
λ
Ω
(
1− Ω
2
10
)
+O(Ω4) = − 6
µ0
ω
(
1− 3ω
2
5µ0
)
+O
(
ω4
µ20
)
. (95)
To the best of our knowledge its qualitative relation with the angular velocity was previously
only guessed through the singular limiting procedure that takes the Wahlquist solution and
leads to Whittaker’s metric but no parametrization of it in terms of well defined quantities
had been given.
In the context of fixed EOS, this last equation, together with Eq. (88), completes the
map from the free parameters of Wahlquist’s solution ( b, r0) to the free parameters of a
particular CGMR metric (rs, ω). Curiously, we have gained insight in both sets. The role of
r0 as key to a vanishing twist vector and its good behaviour in the comparison with Ω shows
far more clearly than the limiting procedure Eq. (39) its relation with the rotation in the
Wahlquist metric. But also, the role of b as fundamental parameter in Wahlquist’s solution
hints towards the possibility of trying to build our post-Minkowskian approximation with a
stronger emphasis on ψΣ instead of the coordinate dependent rs.
Last, notice that the usual interpretation of ω = uϕ/ut as angular velocity of the fluid
as seen from the infinite lacks sense if we deal with a metric that is not matched with an
asymptotically flat exterior. In our interior though, it is still singled out by the harmonic
coordinate condition. Besides, the definition of stationarity and axisymmetry allows a change
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of coordinates {t = t′, ϕ = ϕ′ + at′} that can modify the value of ω to ω′ = u′ϕ/u′t = ω − a
or make it zero (the case of co-rotating frames). Nevertheless, when dealing with a family of
metrics explicitly dependent on ω, its value can be important. In the case of, e. g., CGMR,
we see that written in co-rotating coordinates ut′/uϕ′ = 0 but ω is part of the metric
functions and actually, ω → 0 still leads to a static metric. It is actually the only way for
the module of the CGMR twist vector
$CGMR =
2λ1/2Ω
rs
+O(λ3/2, Ω3) = 2ω +O(λ3/2, Ω3) (96)
to vanish (its O(λ3/2, Ω3) terms are proportional to ω as well). In this sense, the character-
ization of r0 (95) is meaningful.
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